For a large financial market (which is a sequence of usual, "small" financial markets), we introduce and study a concept of no asymptotic arbitrage (of the first kind) which is invariant under discounting. We give two dual characterisations of this property in terms of (1) martingale-like properties for each small market plus (2) a contiguity property, along the sequence of small markets, of suitably chosen "generalised martingale measures". Our results extend the work of Rokhlin and of Klein/Schachermayer and Kabanov/Kramkov to a discounting-invariant framework. We also show how a market on [0, ∞) can be viewed as a large financial market and how no asymptotic arbitrage, both classic and in our new sense, then relates to no-arbitrage properties directly on [0, ∞).
Introduction
A large financial market is a sequence of usual (small) financial markets. This structure naturally comes up when one considers markets with (countably) infinitely many assets and studies their behaviour along approximating finite markets. One early motivation came from arbitrage pricing theory (APT) and factor models; see Ross [32] , Huberman [16] , Chamberlain/Rothschild [5] . Another is to view infinite-horizon models as limits of finite-horizon models.
The existing literature on large financial markets has several strands. Some recent papers have studied aspects of superreplication and utility maximisation (Baran [4] , De Donno et al. [10] , Rásonyi [28, 29] , Roch [30] ), transaction costs (Klein et al. [25] ) or insider trading (Chau et al. [7] ). A larger and more established strand studies absenceof-arbitrage (AOA) properties, and this is where our paper fits in.
The earliest AOA notion in a large financial market framework is no asymptotic arbitrage of the first kind (NAA or NAA1); it is due to Kabanov/Kramkov [19] who also gave a dual characterisation for the case of a sequence of complete markets. This was generalised to incomplete markets by Klein/Schachermayer [26] and Kabanov/Kramkov [20] ; see also Klein/Schachermayer [27] . The stronger AOA condition of no asymptotic free lunch (NAFL) was introduced by Klein [23] and subsequently studied in more detail for continuous processes in Klein [24] . Exploiting the work of Karatzas/Kardaras [21] , Rokhlin [31] managed to reduce the assumptions imposed on each small market and obtained a more general dual characterisation of NAA1. In a very recent paper, Cuchiero et al. [9] provide a unified analysis of NAA1 and NAFL together with dual characterisations, in the framework of one fixed stochastic basis. Other directions include an FTAP with an equivalent martingale measure on a projective limit space (Balbás/Downarowicz [2] ), explicit constructions of asymptotic arbitrage strategies in specific diffusion settings (Dokuchaev/ Savkin [14] ), or markets with a stochastically changing dimension (Strong [33] ).
A unifying disadvantage of all the existing literature on large financial markets is that its formulations and results depend very strongly on the choice of the asset used to discount prices. In fact, characterising AOA properties by dual descriptions typically yields some kind of martingale property under an equivalent measure, but for the discounted, not for the original prices. Moreover, whether or not a given market is judged to be arbitrage-free very often depends, via the chosen AOA concept, on the asset used for discounting. These issues already appear in the classic Black-Scholes model for a single small market (see [3, Example 1.1]), and Example 2.6 below illustrates that they only become worse in a sequence of markets.
Our goal is to develop and study an AOA concept which does not suffer from these problems -it should be discounting-invariant in the sense that AOA, with one choice of discounting process, implies AOA with respect to any other discounting process. For the case of one single small market, this has been implemented by Bálint/Schweizer [3] , who introduced the concept of dynamic share viability (DSV) as a discounting-invariant form of an AOA condition and provided several dual characterisations of this property. The present paper focuses on large financial markets; it introduces a similar asymptotic AOA concept and exploits the results in [3] to provide again dual characterisations, now of course expressed in terms of the large market.
The paper is structured as follows. Section 2 fixes notation, presents a motivating example and recalls or extends a number of small market results. In Section 3, we introduce our new concept of asymptotic strong share maximality for large market strategies, use it to define asymptotic dynamic share viability (ADSV) and provide some preliminary results. Section 4 contains our main results, which are two dual characterisations of ADSV for general large financial markets. Theorem 4.1, extending the work of Rokhlin [31] , describes ADSV via supermartingale properties of the wealth processes in each small market; Theorem 4.5 generalises Klein/Schachermayer [26] and Kabanov/Kramkov [20] and obtains local martingale properties for the sequence of underlying assets themselves. In both cases, as in the classic works [19, 26, 20] , one has in addition a contiguity property along the sequence of small markets. The general results are specialised in Section 5 to markets on [0, ∞) viewed as large markets and applied to the Black-Scholes example from Section 2. Finally, Section 6 contains a longish counterexample which shows that even if a strategy on [0, ∞) is not strongly share maximal in the small market on [0, ∞), the sequence of its restrictions to [0, n] can be asymptotically strongly share maximal in the corresponding large market.
Preliminaries
The best-known absence-of-arbitrage concept for large markets is NAA. It was introduced by Kabanov/Kramkov [19] and also used in Klein/Schachermayer [26] , Rokhlin [31] and Cuchiero et al. [9] , among others. NAA means that there is no sequence of strategies with In addition, one imposes for each small market an AOA property -the existence of an equivalent local martingale measure (ELMM) in [19, 20] , and the existence of a supermartingale deflator in [31] . Like its small market counterpart NA1 = NUPBR, the concept NAA lacks stability with respect to discounting, even in very simple cases. This is illustrated in Section 2.2. Moreover, to the best of our knowledge, the time horizon in each small market is restricted to be finite in the existing large financial market literature. Finally, while NAA provides an asymptotic (in n) AOA property, it does not ensure any AOA property for the small markets; this must be assumed separately. All this provides ample scope for generalisation.
Framework
A small market is a triple (B, S, ζ) consisting of a stochastic basis B, a price process S and a time horizon ζ. Here, B = (Ω, F, F, P ) with a probability space (Ω, F, P ) and a filtration F = (F t ) t≥0 satisfying the usual conditions of right-continuity and P -completeness. We set F ∞ := t≥0 F t = σ( t≥0 F t ) and assume that F 0 is P -trivial and F = F ζ . The time horizon ζ is a general stopping time which can as usual take the value +∞; we might even have ζ ≡ +∞. The price process S is an R N -valued semimartingale (chosen RCLL as usual) with N ≥ 2 and defined on the stochastic interval
and V(ϑ, S)
is the value process of the self-financing strategy ϑ, in the same units as S. If in addition V(ϑ, S) ≥ 0 P -a.s., we write ϑ ∈ Θ sf + (S). Here, x · y is the scalar product of x, y ∈ R N .
We extend all stochastic processes to 0, ∞ = 0, ∞ = Ω × [0, ∞), almost always by keeping them constant on ζ, ∞ , with one important exception. To concatenate two strategies ϑ 1 , ϑ 2 ∈ Θ sf (S) at some stopping time τ , we sometimes define, for a mapping F , a new strategy of the form I 0,τ ϑ
On the set {τ = ζ < ∞}, this is then constant for t > ζ(ω), but not necessarily for t ≥ ζ(ω). From now on, we assume that all processes are defined on 0, ∞ (but not necessarily on Ω × [0, ∞]). If a process Y is constant on ζ, ∞ , we then have
etc. Of course, if we write lim t→∞ Y t , we must make sure that this limit exists on {ζ = ∞}.
Many of our results involve discounting, i.e., dividing prices by positive processes. We define S := {all real-valued semimartingales} and set S + := {D ∈ S : D ≥ 0} and 
they do not depend on currency units either. Finally, a process Y is called S-tradable if it is the value process of some self-financing strategy, i.e., Y = V(ϑ, S) for some ϑ ∈ Θ sf (S).
Definition 2.1. Fix a small market (B, S, ζ).
A reference strategy for S is an η ∈ Θ sf ++ (S) with η ≥ 0 (η is long-only) and such that the η-discounted price process
is bounded uniformly in t ≥ 0, P -a.s.
In the sequel, we usually work under the assumption that there exists a reference strategy η. Because V(η, S) ∈ S ++ by definition, a reference strategy is a desirable investment, and it is expressed in numbers of shares. Note that if we pass from S to discounted prices S = S/D with any D ∈ S ++ , we getS η :=S/(η ·S) = S η ; hence the notion of a reference strategy is discounting-invariant. In particular, (
Remark 2.2. The existence of a reference strategy η is a very weak condition on the price process S. Indeed, consider the market portfolio, i.e. the strategy 1 := (1, . . . , 1) ∈ R N of holding one share of each asset. If we have nonnegative prices S ≥ 0, then 1 ∈ Θ sf + (S) and all components of the 1-discounted price process
of all prices is strictly positive and has strictly positive left limits, we even have 1 ∈ Θ sf ++ (S) so that the market portfolio is then a reference strategy. (Note that this always holds if S = (1, X) for a d-dimensional semimartingale X ≥ 0.) However, it is useful to work with a general reference strategy η because this gives a clearer view on a number of aspects.
is called an η-buy-and-
hold strategy if it is of the form
Because F 0 is trivial, ϑ is η-buy-and-hold if and only if it is a coordinatewise nonrandom multiple of η. If η ≡ 1 is the market portfolio, this reduces to the classic concept of buying and holding a fixed number of shares of each asset, with ϑ ≡ ϑ 0 ∈ R N . More generally, if η is a reference strategy, it is desirable to have η (i) t shares of asset i at time t, and the above buy-and-hold concept is then a natural generalisation from the classic case of the market portfolio. Note that η itself is always an η-buy-and-hold strategy.
A large market is a sequence (B n , S n , ζ n ) n∈N of small markets. In particular, each small market only contains a finite number N n of assets. For compact notation, we write (B, S, ζ) for a generic small market and (B n , S n , ζ n ) n∈N for a large market. A (large market) strategy is a sequence ϑ = (ϑ n ) n∈N where each ϑ n is in Θ sf + (S n ), and we write 0 := (0 n ) n∈N for the large market zero strategy, with 0 n := 0 + (P ), we denote as in [31] by g · P the measure defined by (
The following definition is due to Kabanov/Kramkov [19] ; see also Rokhlin [31] .
Remark 2.5. 1) Typical bond markets with an uncountable number of maturities do not fit into the above framework and need a different approach.
2)
In the spirit of Kabanov [17] , some papers start directly from an abstract set of processes satisfying some structural properties and designed to describe the wealth processes one can obtain (in some underlying market) from self-financing trading; see e.g. Kardaras [22] . It has also been suggested that this could represent a description of a large financial market. While directly working with (abstract) wealth processes allows elegant proofs and gives a clear view on some underlying mathematical structures, it is a coarser approach because it no longer allows to disentangle the underlying basic assets from the trading activities in the market. Therefore it yields in general less precise results.
A motivating example
Example 2.6. Consider the classic Black-Scholes (BS) model of geometric Brownian motion. This is given, for constants r ∈ R, m ∈ R, σ > 0 and for t ≥ 0, by
where W = (W t ) t≥0 is a one-dimensional Brownian motion. Take any (Ω, F, P ) supporting W and let F be generated by Y (or W ) and P -augmented; we set B := (Ω, F, F, P ). In this example, it is usual to discount all prices by the bank account Y (1) and hence
But one can also discount by the stock Y (2) and look at Y /Y (2) = (X , 1) with X := 1/X.
For the large market, we take B n ≡ B, N n ≡ 2 and ζ n := n for all n. Discounted asset prices are either S n := (I 0,n , X. ∧n ) or (S ) n := (X . ∧n , I 0,n ), and we introduce on 0, ∞ the process S = (1, X) respectively S = (X , 1). One naturally hopes that any reasonable AOA property holds for one kind of discounting if and only if it holds for the other. It is well known that for both choices of discounting, every small market admits an (even unique) ELMM; hence the assumptions in [19, 31] are satisfied. Moreover, Proposition 5.1 below proves that in this special setup, NAA along (S n ) n∈N or ((S ) n ) n∈N is equivalent to NUPBR for S respectively S on 0, ∞ . Now choose m = r. Then in the first discounting scenario, the value process of any strategy ϑ ∈ Θ sf + (S) is a supermartingale and so NUPBR holds for S. However, in the second discounting scenario, X t converges to +∞ P -a.s. as t → ∞, and hence NUPBR does not hold for S . So we see that NAA can hold or fail, depending on the choice of discounting. Example 2.6 shows that NAA crucially depends on how the units of account evolve over time; so it is not discounting-invariant (see later after Definition 3.2 for a precise definition). This only becomes visible if we discount dynamically over time; just rescaling each small market at time 0 (maybe differently for each n) does not affect NAA. The next result makes this precise; its easy proof is left to the reader. 
Small market results
Small market notions naturally have a certain importance in a large market framework as well. In this section, we recall some small market terminology and results.
Definition 2.8. Let (B, S, ζ) be a small market and define, for a ≥ 0,
As a consequence, our definition of NUPBR coincides with the classic concept from the literature if we consider the classic framework S = (1, X); see e.g. [21, Definition 4.1].
2) In the classic framework, NUPBR has been studied both for models X indexed by [0, T ] with 0 < T < ∞ and by [0, ∞). Our approach with 0, ζ contains both as special cases. See however Remark 5.6 for a difference between finite and infinite horizons.
The next result shows that if we enlarge a market S by the value process of a selffinancing strategy, we obtain the same set of wealth processes. This is used later.
Proof. See Appendix. 
The following result clarifies the connections between the different concepts just introduced. This is essentially known and easy to argue, but we include it for completeness. We also point out that our discounters are almost, but not exactly the reciprocals of the deflators in [21] (we have no local martingale property for 1/D). 
1) In general, we have
Proof. See Appendix.
Remark 2.14. 1) We get the same statement in Lemma 2.13 if we replace the set X (S) by
In the classic setup S = (1, X) and for F 0 trivial, any Y ∈ X adm (S) is the sum of a constant and a stochastic integral H X of some admissible R d -valued integrand H.
2)
A missing arrow in Lemma 2.13 indicates that the corresponding implication does not hold in general. It is not hard to find counterexamples, and we leave this to the reader.
3) If S ≥ 0 is continuous and D is S-tradable, one can show that D is an LMD for S if and only if it is an SMD for X (S). But there is no such result for general D.
We next recall from Bálint/Schweizer [3] maximality and AOA notions for small markets. The corresponding interpretations are also given in [3] . 
Lemma 2.16. Fix a small market (B, S, ζ) and a strategy
η ∈ Θ sf (S). If η is bounded uniformly in t ≥ 0, P -a.s., then any ϑ ∈ Θ sf + (
S) is ssm for η if and only if it is tssm for η.
Proof. If we only have ψ ∞ , we define an adapted process ψ by ψ t := E[ψ ∞ |F t ] for t ≥ 0. For both implications, we then get lim t→∞ ψ t = ψ ∞ P -a.s. (either by assumption or by martingale convergence) and hence lim t→∞ (ψ ∞ − ψ t )η t = 0 because η is bounded, P -a.s.
Soθ ε −ϑ−ψη andθ ε −ϑ−ψ ∞ η have the same lim inf as t → ∞, and the result follows.
Remark 2.17. By using [3, Theorem 3.4] , one can show that tssm for η and ssm for η are also equivalent if S ≥ 0 and η is a reference strategy (but not necessarily bounded). However, the proof needs considerably more work and we do not give it here.
Definition 2.18. Fix a small market (B, S, ζ) and a strategy η ∈ Θ sf (S). We say that S satisfies dynamic share viability (DSV) for η if the zero strategy 0 ∈ Θ sf + (S) is strongly share maximal for η, and DSE (DSE) for η if every η-buy-and-hold strategy ϑ ∈ Θ sf + (S) is strongly share maximal for η.
We first obtain from [3, Theorem 2.11] a dual characterisation of dynamic share viability for small markets. 
(c) There exists an S-tradable η-SMD +D for X (S).

Moreover,D is unique if it exists.
Proof. By [3, Theorem 2.14], S satisfies DSV for η if and only if the η-discounted price process 
(C) There existsZ with the same properties as Z in (B) and in addition 1/Z ∈ Y 1 (1, S η ).
Because . So Z is in S ++ and so is then G := 1/Z; in particular, lim t→∞ Z t > 0 P -a.s. is equivalent to inf t≥0 1/G t > 0 P -a.s. The same applies toZ in (C). For any ε > 0 and
This first implies
Second, for any m ∈ N and X ∈ X
Because (1, S η )-tradability is the same as S η -tradability, (C) is analogously equivalent to
So up to here, we have shown that (a), (B ) and (C ) are all equivalent. It remains to pass from S η to S. Take an η-SMD
. So (B ) and (C ) are equivalent to (b) and (c), respectively, and this proves the equivalence statement.
The proof of uniqueness is standard. Take two S-tradable SMDsD,D for X (S) and recall thatD 0 = 1 =D 0 . Due toD,D ∈ X (S), both X :=D/D and 1/X are supermartingales and hence 
Because S ≥ 0, we also have S η ≥ 0 and hence 
Lemma 2.22. Fix a small market (B, S, ζ) and assume S ≥ 0 and there exists a reference
Asymptotic strong share maximality
In this section, we introduce a new concept of maximal strategies for large markets and use this to define AOA concepts which are discounting-invariant in a sense we make precise. In analogy to the small market case, we could introduce the notion of a large market reference strategy η and then define asymptotic strong share maximality with respect to η. But to reduce technicalities and in order to facilitate comparisons with NAA and NUPBR, we opt for the choice η = 1 = (1, 1, 1 , . . . ), the large market analogue of the market portfolio. In view of Lemma 2.16, we can then equivalently use either ssm or tssm, and the latter concept gives the crispest formulations. Note how Definitions 3.1 and 3.2 parallel Definitions 2.15 and 2.18, respectively.
is asymptotically strongly share maximal (assm) for 1 if there is no p > 0 such that for every ε > 0, there are some n ∈ N, A n ∈ F n with P n [A n ] ≥ p and a strategy θ with
Note that n, A n and θ above can of course depend on ε. We usually omit a corresponding index for ease of notation.
Definition 3.2.
A large market (B n , S n , ζ n ) n∈N satisfies asymptotic dynamic share viability (ADSV) for 1 if 0 = (0 n ) n∈N is asymptotically strongly share maximal for 1, and
for each n is asymptotically strongly share maximal for 1.
The definition directly implies that asymptotic strong share maximality is discountinginvariant in the sense that ϑ is assm for 1 in (B n , S n , ζ n ) n∈N if and only if it is assm for 1
The reason is that maximality is formulated not in terms of wealth, but of holdings in assets, and these do not change if we change the numéraire. Because we want invariance under discounting not only for each small market, but along the entire sequence, it is important that we do not normalise discounters to D n 0 = 1 (as can be done if one only works in a fixed small market), but allow D n 0 to depend on n. In turn, this makes it necessary that the allowed small extra initial wealth in Definition 3.1 depends on the n-th market's size via the term 1 n · S n 0 . This is economically natural; if for instance prices in model n are simply a c n -multiple of prices in model 1 with a sequence (c n ) n∈N going to 0, a fixed initial wealth amount ε becomes more and more valuable along the sequence of models, and in the absence of the term 1 n · S n 0 , this might in itself asymptotically generate some arbitrage opportunities. On the other hand, if lim n→∞ (1 n · S n 0 ) = +∞, having the term 1 n · S n 0 allows more strategies for trying to generate arbitrage, and hence forbidding them gives a more restrictive AOA concept than if the term is absent.
Remark 3.3.
In Bálint/Schweizer [3] and in Section 2, we have defined and used strong share maximality and the derived concepts DSV and DSE with respect to a reference strategy η in the small market (B, S, ζ). As mentioned at the beginning of this section, the natural extension to a large market would be to define asymptotic strong share maximality with respect to some η = (η n ) n∈N , where each η n is a reference strategy in the n-th 
s., then any strategy ϑ ∈ Θ sf + (S) is ssm for η if and only if it is ssm for η , which implies that DSV for η and DSV for η are equivalent. For a large market, one would probably not only need to control each pair (η n , η ,n ), but in addition also the relative behaviour of the sequences η and η . We leave this question for future research.
We first show that if a large market strategy is asymptotically strongly share maximal for 1, its coordinates are strongly share maximal for 1 in their small market. This contrasts NAA which does not imply any AOA property along the sequence of small markets. Recall from Remark 2.2 that S ≥ 0 plus 1 · S ∈ S ++ implies that 1 is a reference strategy for S.
Lemma 3.4. Suppose for each small market
If ϑ is assm for 1, then ϑ n is ssm for 1 n in (B n , S n , ζ n ) for each n. In particular, ADSV or ADSE for 1 implies that each small market satisfies DSV or DSE for 1 n , respectively.
Proof. Suppose that ϑ n is not ssm for 1 n in (B n , S n , ζ n ) for some n. Then Lemma 2.16 Proof. The "only if" direction is a direct consequence of Lemma 3.4. For the "if" direction,
, and as asymptotic strong share maximality for 1 is discounting-invariant, we can assume without loss of generality that 1
Suppose ϑ is ssm for 1 N 1 , but ϑ is not assm for 1. Consider the set
Because ϑ is not assm for 1, there exists p > 0 such that for each ε > 0, there are n ∈ N, A n,ε ∈ F 1 with
It follows that pI A n,ε ∈ G ϑ,ε and hence
In a second step, we show that
and
be the corresponding objects as in the definition of G ϑ . We need to show that λa+(1−λ)b ∈ G ϑ for any λ ∈ (0, 1). Fix a parameter x ∈ (0, 1) and consider the strategy ϕ
which is in (0, 1), and calculate to get (xε a )/(xε a + (1 − x)ε b ) = λ and then of course
As 
which is by Lemma 2.16 a contradiction to the strong share maximality of ϑ for 1 N 1 .
Choosing ϑ = 0 and ϑ = 0 immediately yields Proof. The "only if" part is clear from Lemma 3.4. For the "if" part, suppose each
for each n which is not assm for 1. Then there exist p > 0 and a subsequence (ϑ n k ) k∈N such that for every k ∈ N, there are
, and so 0 is not assm for 1 in the large market (B n k , S n k , ζ n k ) k∈N . By Proposition 3.5, the zero strategy 0 is then not ssm
, which is a contradiction.
Absence of arbitrage and dual characterisations
This section considers general large markets and provides two dual characterisations of our ADSV concept in terms of martingale properties in each small market plus some contiguity property. Recall that two sequences (Q n ) n∈N , (Q n ) n∈N of sub-probability measures with
The classic characterisation of absence of arbitrage in a small market (in the sense of NFLVR) is the existence of an ELMM Q for the underlying process S = (1, X) (assuming S ≥ 0, to avoid σ-martingales); see Delbaen/Schachermayer [11, 12] . This was complemented by Karatzas/Kardaras [21] who proved that NUPBR in a small market is equivalent to the existence of a supermartingale discounter for X (S) with a positivity property at +∞. Conceptually, this generalises the existence of an equivalent separating measure, which gives information about all stochastic integrals of S, but not necessarily about S itself. (If S ≥ 0, an SMD for X (S) is also an SMD for S, by Lemma 2.13; so then we intuitively get for S a supermartingale, but maybe not a local martingale property.)
For large markets, the classic characterisation of NAA in Klein/Schachermayer [26] and Kabanov/Kramkov [20] , assuming that each small market admits an ELMM Q n , is that there exists a sequence (Q n ) n∈N of ELMMs with (Q n ) n∈N (P n ) n∈N . This was generalised by Rokhlin [31] who showed that if each S n only satisfies NUPBR, NAA is equivalent to the existence of a sequence of SMDs
Our first main result, Theorem 4.1 below, is in the same spirit, but uses the more general concepts of DSV for 1 and ADSV for 1 instead of NUPBR and NAA. This similarity to the ideas and results in [31] also shows up in parts of the proofs. In the spirit of the results in [11, 12] and [26, 20] , we should also like to have a characterisation of ADSV with local martingale properties for the S n instead of only supermartingale properties for the X (S n ). However, there is a problem. We shall see below in Lemma 4.2 and Theorem 4.1 that deriving a contiguity property crucially needs tradability for each discounter D n . To work with an LMD for S n (and not only an SMD for X (S n )), we thus must find an S n -tradable local martingale deflator -and a counterexample in Takaoka/Schweizer [34] shows that this does not exist in general. Fortunately, Kabanov et al. [18] recently proved that in a small market under NUPBR, we can still find an S-tradable Q-LMD for S = (1, X), under some Q ≈ P which can even be chosen arbitrarily close to P . Combining an extension of this result from NUPBR to DSV for 1 with the invariance of ADSV for 1 under bi-contiguous measure changes (see Corollary 4.4 below) then allows us to derive in Theorem 4.5 our second main result. It is a dual characterisation of ADSV for 1, now with local martingale properties for S n itself, and as usual with a contiguity property. If S n ≥ 0 and weights of the N n assets in the small market (B n , S n , ζ n ) and frequently appears later.
We start with our first main result.
Theorem 4.1. Let every small market
Then the following are equivalent:
(a) The large market (B n , S n , ζ n ) n∈N satisfies ADSV for 1.
(b) There exists for each n a (unique) S n -tradable 1 n -SMD +Dn for X (S n ) and we have
For each n and in the n-th market. Setḡ
is well defined and finite P n -a.s. Indeed, by [3, Theorem 2.14], DSV for 1 n in the n-th market implies that 0 n is strongly value maximal for µ n , and hence due to [3, Theorem 3.7] applied for µ n and ξ = 1 n , lim t→∞ V t (ϑ n , µ n ) exists on {ζ n = ∞}; see also (2.1). The existence ofD n comes from Proposition 2.20. Because
n is then a P n -supermartingale > 0 and hence converges P n -a.s. on {ζ n = ∞} to a finite limit, which is P n -a.s. positive becauseD n is a 1 n -SMD + for X (S n ). Thus all expressions in Lemma 4.2 are well defined even on {ζ n = ∞}, and
and has values in (0, ∞) P n -a.s.
with
In particular, 1/ḡ n is P -a.s. the limit of a function which is bounded
and assume there is a large market
Define the stopping time τ n := inf{t ≥ 0 : V t (ϑ n , µ n ) ≥ M } and note that τ n < ∞ on B n . So we can find N such that A n := B n ∩ {τ n ≤ N } ∈ F n has P n [A n ] ≥ δ, and then n := τ n ∧ N is finite and satisfies by right-continuity that
and then n, A n as above for this M . By [3, Lemma 3.3] , the concatenated strategyθ
withθ n at the n-th position is a large market strategy. Moreover,
, and the definition ofθ n , see (2.3), givesθ
This means that 0 is not assm for 1 and ADSV for 1 does not hold.
with V 0 (θ n , S n ) = 1. So the large market strategy ϑ given by ϑ n := (1 n · S ] ; however, we do not use the precise properties ofD n or S n , but only thatḡ n is well defined and 
and in view of 1 n · µ n ≡ 1, this gives
For the first term on the RHS, we successively use the definition ofḡ n , [3, Lemma A.1] and
martingale and finally the initial condition onθ n above to obtain
In particular, for any k ∈ N, there exist j ≥ k and (n j , A n j , θ ) as above satisfying in addition
k ∈ N, and therefore This needs S n -tradability ofD n . One consequence of Theorem 4.1 is that ADSV for 1 is invariant under bi-contiguous measure changes. Recall that each basis B n = (Ω n , F n , F n , P n ) includes a probability measure P n and that F n = F n ζ n for all n. Corollary 4.4. Let every small market (B n , S n , ζ n ) satisfy S n ≥ 0 and 1 n ·S n ∈ S ++ , and suppose the large market (B n , S n , ζ n ) n∈N satisfies ADSV for 1. If we have probability
Proof. For brevity, write P -ADSV and Q-ADSV. Under P -ADSV for 1, Theorem 4.1 (c) yields for each n a P n -1
, where Z n denotes the density process of Q n with respect to P n . If we definê
and so we get (
Using the transitivity of contiguity and applying Theorem 4.1 again (now for the Q n ) yields Q-ADSV for 1.
We are now ready for our second main result.
Theorem 4.5. Let every small market
S n , and we have the contiguity
(c) There exists for each n a P n -1 n -LMD + D n for S n such that we have the contiguity
Proof. "(a) ⇒ (b)": Each small market satisfies DSV for 1 n by Lemma 3.4. So by Proposition 2.21, 1), there exists for every n a Q n ≈ P n on F n with sup
and such that there exists an S n -tradable Q n -1 n -LMD +Dn for S n . Note that we have
Moreover, by uniqueness and Lemma 2.13, 1), the S n -tradable Q n -1 n -LMD +Dn for S n coincides with the
the result by the transitivity of contiguity. "(b) ⇒ (c)": If Z n is the density process of Q n with respect to P n , then D n :=D n /Z n is a P n -1 n -LMD + for S n by Bayes' theorem. As in the proof of Corollary 4.4, we obtain
"(c) ⇒ (a)": By Lemma 2.13, 2), a 1 n -LMD + for S n and a 1 n -LMD + for X (S n ) are the same thing when S n ≥ 0. So we can just use Theorem 4.1, "(c) ⇒ (a)".
Analogously to Theorem 4.1,
Conceptually, a 1 n -LMD + for S is a generalised form of an ELMM for S. So the equivalence of (a) and (c) in Theorem 4.5 corresponds precisely to the classic equivalence result going back to Klein/Schachermayer [26] and Kabanov/Kramkov [20] . It is remarkable that we are able to obtain such a result in the generality of our setup and ADSV. It is also noteworthy that while the sufficiency of (c) for ADSV for 1 can be proved fairly easily, the necessity crucially involves a tradable 1-LMD + . This is different from the original result in [26, 20] because working directly with ELMMs eliminates this difficulty. Theorem 4.5 (c) asserts under ADSV for 1 the existence of a sequence of 1 n -LMD + s with a contiguity property. This contiguity does not hold for every sequence (D n ) n∈N . . Set ζ n = 2 for every n and define for i = 1, 2 the single-jump processes
Example 4.6. ADSV for 1 can hold even if there is a sequence
Let B be a minimal stochastic basis supporting the above, set B n := B for each n and fix n. Then (B n , S n , ζ n ) satisfies S n ≥ 0 and 1 n · S n ∈ S ++ , and S n is a strictly positive UI martingale so that D n ≡ 1 is a 1 n -LMD + for S n . By Proposition 2.19, every small market (B n , S n , ζ n ) therefore satisfies DSV for 1 n .
The process D n is not S n -tradable, and the sequence (
. ButD n := 1 n · S n is clearly S n -tradable, and also a 1 n -LMD + for S. Indeed, S n,1 /D n = µ n,1 is a singlejump process which starts at 1 2 , jumps at t = 1 to either 2 −(n+1) or 1 − 2 −(n+1) with probability 1 4 each, and stays constant at t = 1 with probability 1 2 . Thus µ n,1 is a (UI) martingale, so is then µ n,2 = 1 − µ n,1 , and
in Lemma 4.2 is satisfied and ADSV for 1 holds.
The preceding results are summarised in Figure 1 . All one-sided implications are due to Lemma 2.13, 1) or trivial. The equivalences are due to Theorems 4.1 and 4.5. A counterexample for both invalid implications (crossed arrows) is given by [34, Remark 2.8] . Figure 1 : Overview of results for Section 4. We assume S n ≥ 0 and 1 n · S n ∈ S ++ as well as
The next result gives a sufficient condition for ADSV for 1 in the classic setup. 
Corollary 4.7. Let every small market be of the form
If we have the above for all n, ADSV for 1 follows by The conditions in Corollary 4.7 are sufficient for ADSV for 1 in that setting, but not necessary. The converse can already fail when each X n comes from stopping at n a fixed process X. The last result in this section gives another necessary and sufficient condition for ADSV for 1, linking this to the classic concept NAA. each n. As in the above proof of "(b) ⇒ (a)", we therefore obtain a unique µ n -tradable 
Corollary 4.9. Let every small market
satisfies NAA and so we get "(a) ⇒ (b)".
Remark 4.10. Corollaries 4.7 and 4.9 assume ζ n < ∞, because NAA up to now has only been defined for that setting. We believe that with a suitable generalisation of NAA for the case P [ζ n = ∞] > 0, these results still hold (i.e., one could omit the condition ζ n < ∞). But we do not pursue this here in more detail.
Models indexed by [0, ∞) as large markets
In this section, we study the special case where the stochastic basis Proof. Throughout the proof, e 1 := (1, 0, . . . , 0) ∈ R 1+d is the buy-and-hold strategy for the riskless asset so that V(e 1 , (1, X)) ≡ 1. Moreover, probability always refers to P = P 1 .
If NAA fails, there are δ > 0 and a large market strategy ϑ such that any ε > 0 admits If NUPBR fails, there is δ > 0 and for any n ∈ N a strategy ϑ n ∈ Θ sf + (1, X) with V 0 (ϑ n , (1, X)) = 1 and such that U (n) := lim t→∞ V t (ϑ n , (1, X)) exists and satis- Proof. As all the S n come from S, we have 1 n · S n 0 ≡ 1 · S 0 and can rescale simultaneously all the S n with one single constant. This does not affect asymptotic strong share maximality for 1, and so we can assume without loss of generality that 1 · S 0 = 1. We use this later to get
1) This is proved similarly to the "if" part of Proposition 3.5. Suppose ϑ is ssm but ϑ is not assm for 1, consider the set
Because ϑ is not assm for 1 and each ζ n is finite, there exists a p > 0 such that for each ε > 0, there are some n ∈ N, A n,ε ∈ F with P [A n,ε ] ≥ p and a strategy θ with 
so that pI A n,ε /ε ∈ G ϑ for any ε > 0 and hence again, G ϑ is not bounded in L 0 . From here, one can argue word by word as in the second and third paragraph in the proof of Proposition 3.5 to conclude that ϑ is not ssm for 1, which is a contradiction.
2) If ϑ ≡ 0 is not ssm for 1 in (B, S, ∞), and hence also not in (B, µ, ∞), by discountinginvariance, Lemma 2.16 yields a ψ ∞ ∈ L ∞ + \ {0} such that for any ε > 0, there is â
For this ψ ∞ , we can find p > 0 and B ∈ F (not depending on ε) such that P [B] ≥ 2p and 2pI B ≤ ψ ∞ P -a.s.
Define the stopping time τ := inf{t ≥ 0 : V t (θ ε , µ) ≥ p} and note that τ < ∞ P -a.s.
on B. Because lim n→∞ ζ n = ∞, we can thus find n such that A n := B ∩ {ζ n ≥ τ } has
, and V τ (θ ε , µ) ≥ p on B P -a.s. by right-continuity, so that we obtain
Now define the strategyθ n :=θ
Using n < ∞,θ ε ∈ Θ sf + (S) and (5.1) therefore yields lim inf
So (n, A n ,θ n ) satisfies the conditions in Definition 3.1 and 0 = (0 n ) n∈N is not assm for 1.
3) follows directly from 2) and the definitions.
For ϑ ≡ 0, the converse of Proposition 5.3, 1) is not true in general. Example 6.1 below constructs a large market strategy ϑ = (ϑ n ) n∈N of the form ϑ n = ϑI 0,n which is assm for 1 even if ϑ is not ssm for 1. The results for models indexed by [0, ∞) viewed as large markets are summarised in the following result. We choose S = (1, X) with X ≥ 0 so that we can cover the intersection of the classic setup with the framework where S ≥ 0 and 1 · S ∈ S ++ .
and assume that the stopping times
Then the following relations hold: Finally, the downward implications for the other two columns follow from the equivalences proved above.
Remark 5.5. In the very special small market case (B, (1, X), ζ) with a bounded horizon ζ ≤ C < ∞ and a semimartingale X ≥ 0, we have automatically both S ≥ 0 and by showing thatθ := e 1 which shows that ϑ is not ssm for 1.
Now define ϑ = (ϑ n ) n∈N by setting ϑ n := ϑI 0,n = e 1 I 0,n for all n. We claim that (6.2) the large market strategy ϑ is assm for 1, and this needs substantially more work. Because S = (1, X) and F 0 is trivial, every ϑ ∈ Θ sf (S) can be identified with a pair (2) and ϑ (1) = v 0 + H dX − H · X, ϑ (2) = H, and then V(ϑ, S) = v 0 + H dX. We write ϑ = (v 0 , H). Because X (and S) is constant on U, ∞ , so is H dX as well as V(ϑ, S), and so we only need HI 0,U . But due to F = F S and the structure of S which is deterministic on 0, U and has one single jump at U , a standard monotone class argument shows that every F-predictable H can be written as Due to Claim 5, the strategyθ
Because S n k ≡ S on n k , ∞ , this yields via (6.15), 1·µ ≡ 1 and U < ∞ P -a.s. that P -a.s.,
But P [A n k ] ≥ p and so we have a contradiction to Claim 3. This finally shows that ϑ is assm for 1 and concludes the example. for t ≥ 0. Then ψ t = ψ ∞ P -a.s. for t ≥ K so that lim t→∞ ψ t = ψ ∞ P -a.s. Moreover,θ is in Θ and this contradicts the assumption that ϑ is ssm for η.
